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Before proving the Schauder estimates, we want to prove the following abstract lemma:

Lemma 1 (Simple Abstract Lemma). Let Bgr(xg) be any ball in R™, k € R, 6 € (0,1), v € (0, 00),
and v € (0,1]. Let S be a nonnegative function on the class of convexr open subsets of Br(xg) and
suppose that S is subadditive, i.e. given a finite collection of convex subsets A, Ay, As, ..., An of

BR(x0)7

N N
S(A) < Z S(A;) whenever A C U A;.
j=1

j=1

Then there is an 6 = §(n, k,0) such that if
p"S(Bop(y)) < 6p"S(B,(y)) + 7 (1)
whenever B,(y) C Bg(xo) and p < VR, then
R*S(Bypr(ro)) < Cry
for some constant C' = C(n, k,0,v).

We will use the Simple Abstract Lemma in the special case S be a seminorm of a solution to
an elliptic equation as a trick for obtaining estimates. For instance, in the proof of the Schauder
estimates, we will let S(A) = [D?u],.4 for all convex open sets A in Bg(z). We will then obtain

RQW[D%]M;BR/Q@) < 5R2+“[D2U]M§BR(ZJ) +C ( sup |ul + ||f||,C’07#(BR(a:0))>

Br(zo)

for a constant C' € (0,00). One might regard this as a bad estimate because we are bounding
[D?u],,. By,(y) 10 terms of precisely the thing we want to bound, Holder coefficients of D?u, and on
larger balls no less. However, the Simple Abstract Lemma allows us to absorb the [D?u],p, )
term into the left-hand side to conclude that

R D*u) iy ) < C ( sup |u| + ||f||/C0»M(BR(x0))>

Br(zo)

for a constant C' € (0, 00) as desired.



Proof of the Simple Abstract Lemma. Let
Q= sup p*S(Ba,(y)).

Byp(y)CBR(z),p<vR
By (1),

(0p)"S(Byzp(y)) < 0Q + (2)
whenever B,(y) C Bgr(x) with p < vR. Take an arbitrary ball B,(y) C Bgr(x) with p < vR and
cover By, (y) by a finite collection of smaller open balls By2(1_g),(2;), j = 1,..., N, with z; € By,(y)
and N < C for some constant C' = C(n, ) € (0,00). Since B(1_g),(2;) C Br(x), we can replace
B,(y) with Bu_g)(z;) in (2) and sum over j to obtain

N
pFS(By,(y)) < Zka<B92(1_9)p(Zj)) (by subadditivity of .S)
j=1
< N(O(1 = 0)p)™"(6Q + ) (by (2))
< C(0Q +)
for some constant C' = C(n, k,8) € (0,00). Since B,(y) is arbitrary,
Q < C0Q +). (3)
Choosing § such that C'§ < 1/2 in (3), we obtain
Q <2Cv;
that is,
S (Boo(y)) < 2Cy (4)

whenever B,(y) C Bg(x) with p < vR.

Now without the restriction p < vR (i.e. the case where v = 1) we would be done as would
could simply choose B,(y) = Bgr(x). We cover Byr(z) by a finite collection { By, r(y;)}j=1,..
open balls such that B,g(y;) C Bgr(z) and N’ < C for some constant C' = C(n,d,v) € (0, 00).
By replacing B,(y) with B,g(y;) in (4) and summing over j using the subadditivity of S,

RkS(BeR(l’)) < ZRkS(BOVR(yJ)) < Cy

j=1
for C = C(n,k,0,v) € (0,00). ]

Now we want to prove the following interior Schauder estimate.

Lemma 2. Let u € (0,1). Consider a ball Br(xo) in R"™. Suppose u € C**(Br(xg)) solves the
elliptic equation - ‘
a’Diju+b'Diu+ cu= f in Br(xo), (5)

where a b', ¢ : C*"(Bg(xo)) are coefficients and f € C""(Bgr(xg)). Assume the coefficients
satisfy the bounds

MEPP < aij(x)fz-{j < A|€)? for x € Br(x), € € R,

> a7 o maga + D BV ooy + Blelonsispwon < B

ij=1 i=1



for some constants \, A\, 3 € (0,00) such that 0 < X\ < A and f € C%*(Bg(xy)). Then

’u|/2,,u,;BR/2(mo) < C (|U|O§BR($O) + R2|f|6,,u;BR(:r0)) (6)

for some constant C' = C(n, u, \, A, B) € (0,00).

What the Schauder estimate roughly states is that the C** norm of u is bounded in terms of
the supremum of v and norm of f. This is what one would expect. Consider for instance that for
a solution u to an elliptic equation on an interval in R, we can explicitly express u in terms of its
values at the boundary of the interval and f.

Remarks:

(1) Weneed 0 < p < 1. The Schauder estimate is not true in general with g = 1. This basically

follows from the fact that there exists an f € C%(B1(0)) and a solution u € C?*(By(0)) to
Au = fin B;(0) such that u € C*! in any neighborhood of the origin (see the example sheet).
Now if there were a C*! Schauder estimate, then we could use convolution to approximate u
and f by smooth functions u, and fj, such that Auy = f in By(0) and uy — u in C*(B;(0))
and f; — f uniformly on compact subsets of B;(0) and the C*! Schauder estimate and
Arzela-Ascoli would imply that v € C*!(B;(0))! The idea here is that we will later use
the Schauder estimates to build up a theory for compactness, existence, and regularity of
solutions to elliptic equations and since the C*! regularity theory fails then there cannot be
a C*! Schauder estimate.

Similarly, there exists f € C°(B;(0)) and a solution u € C?*(B;(0)\ {0}) to Au = f in B;(0)
such that v € C? in any neighborhood of the origin and thus it is generally false that we
have a C? Schauder estimate of the form

’u‘é;BR/Q(xo) < ¢ (‘UIO;BR(xo) + R2’f|6;BR(I0)) :

The Schauder estimate bounds the C%** norm of u on a smaller ball in terms of norms on a
larger ball. It is generally false that

|u lz,p;BR(xo) S C (’u|O,BR($O) + R2|f‘6,u,BR(m0)) 7 (7)

for example, if u(z; + irs) = Re((zy + ix9)¥) for (z1,22) € B1(0) and a large integer k > 2,
then wu is harmonic and it is easy to check that

sup |u| =1, sup |D*u| =V2k%,  sup |D*u| = V2k1(1/2)",
B1(0) B1(0) B12(0)

so that (7) is clearly false but (6) holds true.

The Schauder estimate is invariant under scaling, i.e. transformation of x — y + px for
y € R" and p > 0. This is an important quality to have in an estimate, as we can always
rescale a solution to an elliptic equation to find another solution to another elliptic equation
and thus our estimates should be invariant, or at least well behaved, under scaling. To see
this scale invariance, let u(z) = u(xo + Rz). It is easy to check that

u(z) = u(zo + Rzr), Du(xr) = RDu(zo + Rx), D%ui(z) = R*D*u(zo + Rx).  (8)
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Hence it follows that u satisfies

a’ (zo + Rx)Dyju(z) + RV (x + Rz)Diu(x) + R’c(zg + Ra)u(z) = R* f(xo + Rz).  (9)

Let f(z) = R%f(xo + Rx). Observe that by (8)

D%l — inf |R?2D?*u(x¢ + Rz) — R*D?*u(x¢ + Ry)|
#iB1(0) =

e#y€B1(0) |z — y|#
o |R2D?*u(x¢ + Rz) — R*D?*u(zy + Ry)| B
= in :
2#y€B1(0) |(zo + Rx) — (xo + Ry)|*

= RZJFN[DZU]#;BR(JUO)’

so by (8)
’a‘ZH;Bl(O) = ‘u’;,u;BR(xo) (10)

and similarly

|6Lij(xo + RI)|0,M;31(0) = |aij|6,#§BR($0)7 |Rbi($o + Rx)|0,M§Bl(O) = Rlbi|6,u;BR(ro)’
| R?c(xo + Rix)|ouB(0) = R2|C|6,M§BR(wO)’ | flowsBi0) = RQ’f%vaR(wO)' (1)

By (9), (10), and (11), (6) is equivalent to
@250 < C (llomio) + Flowsmio) -

Now let’s prove the Schauder estimate. We will do this by a contradiction argument involving
scaling. This argument has several steps.

Step 1: First we claim that to prove (6), it suffices to prove under the hypotheses of the Schauder
lemma that for every constant 0 > 0 there is a constant C' = C(d,n, u, A\, A) € (0,00)

R2+M[D2u]#;BR/2($O) S §R2+N[D2U’]}L;BR(IE0) + C (’u‘é,BR(CEo) + R2‘f‘6,u;BR(x0)> ° (12)
Suppose that we knew (12) held true. Then by interpolation, for every € > 0,
|u|,2;BR(a;0) < 5[D2u]2,u;BR(CEo) + C(n’ 2 €)|U|O;BR(33O)’
so by taking e = §/C for C in (12), (12) implies that
R2+H[‘D2U]M;BR/2($O) < 26R2+“[D2u]M§BR($O) +C <|U|U;BR($0) + R2|f|6,,u;BR(a:0)) (13)

for some constant C' = C(d,n, u, A, A) € (0,00). Note that (13) will hold if we replace Br(x¢)
with any ball contained in Bg(z), so by the Simple Abstract Lemma, upon choosing §(n) > 0,

R2+N[D2u]p;BR/2($o) <C (|u|0;BR(:C0) + R2|f’6,y;BR(xo)) (14)

for some constant C' = C'(n, u, A, A) € (0,00) as required. By interpolation
|u|2,u;BR/2($O) < |U|O;BR/2($O) + O(n’ M)R2+M[DQU]H§BR/2(CE0))
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for some constant C' = C'(n, u, A, A) € (0,00), so (14) implies

’u|2,u;BR/2($0) <C (|U|O§BR(330) + R2|f|6,,u;BR(xo))

for some constant C' = C(n, u, A\, A) € (0, 00).
By translating and rescaling, we can assume without loss of generality that zo =0 and R =1
so that in place of (12) we want to prove that for every constant 6 > 0 there is a constant

C=C(0,n,u\A) € (0,00)
[D?u] i, 50 < 0[D%u]sm,0) + Clul2m0) + | flogws©)- (15)

Step 2: We shall prove (15) by contradiction. Suppose that for some sequence of uj, € C?(B;(0))
and a/, fi, € C*(B1(0)),

ay) Dijuy, + Uy Diug + cug = fi, in By(0), (16)
and
AP < af (2)&& < AJEJ? for z € By(0), € € R", (17)
> lai llconmiop + > IBkllcons o) + llexllcon o) < 8, (18)
ij=1 i=1

where A\, A, B € (0, 00) are fixed constants, but for some fixed § > 0,
[D2Uk]u;81/2(0) > 6[D*ur] sy 0) + K (Jurl2is0) + 1 flowsio) - (19)
Select distinct @y, yr € Bi/2(0) such that
| D?up (k) — D?ui(yn)]

|z — yi|#

> S[D*ug B, 0(0) (20)

DO | —

and let pr = |x; — yx|. Observe that
| D>y, (24) — D*up(ys)|

2
§[D uk]u;Bl/z(O) < |5L'k _ yk|u by (20)
< Q\DQUL?;31<0)
Pk,
2 2
< _[D uk]M;Bl/z(O) by (19)’

= kpj.
so pl < 4/k and thus p, — 0 as k — oo.

Step 3: Now we are going to rescale and “blow-up”. Define

7 (2) ug (g, + ) — ur(wr) — pr 3oy Diwn(wr)zs — (1/2)07 3251 Dijun(wn) i,
up(x) = ,
’ szm [D?uk] ;5 (0)
@l () = ail (zy, + pra), b (2) = prb(wn + ), (@) = piew(y + pra),
ra Je(zr + pr) — fr(og)
fr(z) = A T2
PrlD uk]u;B1(0)
_ Y — T

&k = -
Pk

Y




Clearly ﬂk(O) = 0, Dﬂk(O) = O, DQﬂk(O) = 0, [D2ﬁk]31/2pk(0) S 1, and ‘€k| =1. By (19) and (20),

| DUy, (&x) — DUy (0)] > g (21)

Now we want to let & — oo. By Bolzano-Weierstrass, after passing to a subsequence, &
converges to some ¢ with |£| = 1. We know that [DQQk]#;Bl/ka 0 <1
Since D?1y,(0) = 0,

| D25 (x)| = | Dy () — D2 (0)] < 1+ |a]* < o*

for all z € B,(0) and ¢ € (0,00) provided k sufficiently large (how large k has to be off course
depends on ¢) and similarly

(@) < o***, | Dig(z)| < o',

for all z € B,(0) and ¢ € (0,00) provided k sufficiently large. Therefore by Arzela-Ascoli, u
converges to some function u in C? on compact subsets of R™. Note that again by the properties
of ug, in particular (21),

(D) .z < 1, | D*u(€) — D*u(0)| > 4/2. (22)
By (18),
sup [@| < sup |af| < B,
Bi /25, (0) B1(0)
i |0 (1 + pr) — @ (z1, + pry)| i
(@ )8, 0) = 7&86115 - . z — y|Z < phlai s )
TFY o

so by Arzela-Ascoli, ’6;3 converges to some function a* uniformly on compact subsets of R".
Moreover, [a”],g: = 0, so a“ is in fact constant. By (18),

NEP? < avgg; < AlEJ? for € € R™
By (18),

sup |bi] < pi sup [b| < Bpx,
By /2, (0) B1(0)

sup || < pp sup |ex] < B},
By /2p, (0) B1(0)

SO E}C — 0 and ¢; — 0 uniformly on compact subsets of R".

By (19),
~ Jr(xy + prx) — fr(zk
sup |f| = s | (uDz) @)
B, (0) B4 (0) Pkl uk]MBl(O)
([ 0) (pro)*
= PRl D?uk] 8, (0)
O—H
< )
— k



SO ﬁ — 0 uniformly on compact subsets of R™.
Now we want to show that wy, satisfies an elliptic equation. By rescaling (16) by = — xy + ppz
and dividing by piﬂ‘ [DQUk]u;B1/2(0)7

@ Dyjtty, + i, Dy, + iy
) (zx + pr) Dijug (i + pr) + by (@1, + prw) Diug (2, + pr) + cp(an + prx)ug(zp + pr)
B P [D?ur) 51 (0)

B a (x5, + prx) Diju(ay) + b (zr + pra) Dyu(xy) + publ(xx + ppa) Dyju(zy)z;

P DUk s, 0)
cr(zr + prx)u(zy) + pree(zr + pr) Diu(zg)z; + (1/2) piep(zr + pra) Diju(zg)za;
P D*uk]; 3, 0)

 felon 4 pew) = filz) (@ (w4 ) — 0 (2x)) Diju(a)
a P [ D] ;3 (0) P [D*ug] ;3 (0)

(b (zx + prw) = bi(aw)) Dyulag) + (cx(n + prw) — cplan) ) ug(zr)

P [Dtr) 51 (0)
B prbi(zr + pr) Diju(xr)x; + prep(zr + pra) Diu(zg)z; + (1/2) piep(zr + pra) Diju(zg)za;
P [ D] i3, (0)

in By /2, (0), hence

on B, (0) for all o € (0,00) and k sufficiently large. (Note that it might be helpful to consider this
computation in the special case that b = 0 and ¢ = 0 on B;(0). We then compute

a (x + pr) Dyjur (g, + pr) — @ (z3, + prw) Dygul(y)
Pr[D?*ug] ., (0)
ail (xx + pr) Dijun (i + prv) — @ () Diju(as) — (i (w4 ) — aff (xx)) Digu(a)
P [D?uk) ;5 (0)
_ Jolw ) = filan) (0 (i + pr) — o (1)) Dyju(ay)

Pl DU i3, (0) Pl DU i3, (0)

~jry o~
Qy, Dijuk =

in Bz, (0), where

|y (i + prx) — o ()| | Dygulaen)| _ |ay] (x5 + pr) — af ()] A Piulz)l Blal’ - 1
P [D? U] ;1 (0) Pr [D2ug] sy 0) k

By letting & — oo in (23), B
Zi”Dijﬂ =0in R™. (24)

Step 4: Now we have a solution u to the elliptic equation (24) for some constant @ satisfying
(22), which recall states that

[D*d]pn < 1, |D*(€) — D*u(0)] > 6/2.



Recall from the maximum principle lectures, after an orthogonal change of coordinates we may
take (24) to have the form

i=1
for some constants A; > 0 and (21) is unchanged. Let

w(wy, T2y x0) = UV Mwn, VAT, oV M)

so that w is harmonic on R™ and by (21), [D*w],.z» < 0o and D*w is not constant on R™. Since
w is a C? harmonic function on R”, w is smooth on R™. Hence D?w is a harmonic function on
R"™ such that its Holder coefficient on R™ is finite and it is not constant on R", contradicting the
Liousville lemma (see below).

Lemma 3 (Liousville lemma). There is no non-constant harmonic function u on R™ with [u],gn <
00.

Proof. Recall that if w is harmonic then each derivative D;u is also harmonic. Thus for every
y € R"and R > 0,

1
|Diu(y)| = 7 / D;u (by the mean value property)
Wn Br(y)
= u(r)—dz by the divergence theorem
B Jomyiy T ( )
),
< |u(x)|dx
wn R OBr(y)
),
< (lu(y)| + Ju(z) — u(y)|)dz
wn 12" O0Br(y)
1 .
< [ )+ e = ylids Gince e < o0
wn R OBR(y)

< anlju(y)] + nRuil[u]u;R"?

where w, is the volume of the unit ball in R". By letting R — oo we obtain D;u(y) = 0 for all
yeR"andi=1,2,...,n, ie. u is constant. O

Theorem 1 (Interior Schauder estimates). Let p € (0,1) and Q' CC Q be bounded domains in
R". Suppose u € C**(2) N C°(Q) solves the uniformly elliptic equation

Lu= aijDiju + 0" Dju 4 cu = f in Q,
where the coefficients a” b, c € CO*(Q) satisfy
NEP? < a¥(2)&&; < AEPP forz € Q, € €RY,
a0, + [V |oma + |clowa < B,
for some constants A\, A, 3 > 0 and f € CO*(Q). Then
|ul2 o < C(Julog + [ floue)

for some constant C' = C(n, u, \, A, 8,2, Q) € (0, 00).
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Proof. Let d = dist(Q,09Q). Given z € @, By(z) C Q, so by the interior Schauder estimate
proved last time,

u(@)| + (d/2)| Du(x)] + (d/2)*| D*u(z)| + (d/2)* [ D*ul B, o) < [t]2:B,40)
<C (|U|O;Q + d2|f|07u;ﬂ) (25)

for some constant C' = C'(n, u, A, A, ) € (0,00), giving us the required bounds on u, Du, and
D?u. Suppose z,y € Q with z # y. If | — y| < d/2, then by (25),

| D*u(x) — D*u(y)|

I PR

< (d/2)2+H[D2U’]M§Bd(y) <C (‘U|O;Q + d2|f|0,u;9) :

If instead |z — y| > d/2, by the bound on D?u in (25),

|D*u(x) — D*u(y)|
|z —y|

(d/2)+ < 2(d/2)*|D?uluyp ) < 20 (Julug + | flosen)



